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Abstract. In this paper, by using the Kuranishi coordinates on the Teichmiiller space 
and the explicit deformation formula of holomorphic one-forms on Riemann surface, we 
give an explicit expression of the period map and derive new differential geometric proofs 
of the Torelli theorems, both local and global, for Riemann surfaces. 



1. Introduction 

The theme of this paper is to present a new differential geometric understanding of 
the Torelh problems of Riemann surfaces, which is a central topic in the study of the 
complex structures of Riemann surface. The Torelli problems are usually divided into 
two types: local Torelli and global Torelli. These two problems are about the immersion 
and injectivity of the period map from the moduli space of Riemann surfaces to the moduli 
space of principally polarized abelian varieties, respectively. 

Two key points of this paper are the use of the Kuranishi coordinates on the Teichmiiler 
space Tg of Riemann surface of genus g and the explicit deformation formula of holomor- 
phic one-forms in Section [2l Roughly speaking, the Kuranishi coordinate chart of Tg is 
given by 

(5, 60) ^ Tg 

t ^ [Xu[Ft]i 

where the triple (tu, (yj, F) is the Kuranishi family of Riemann surface with the Teichmiiller 
structure of (Xq, [Fq]). Let us write (5, 60) as Ap^^, where p denotes the point [Xq, [Fq]] G 
Tg. Then, given a global holomorphic one-form 6 G on Xp, we have the 

following deformation formula 9{t) of 9 for small t on Xt. 

n / " 

m =0 + J2t^ + df,) +J2t' 5^e(/x,jr/(,,,..,^._i,..,„)) + f//,,(.,,..,^_i,..,„) 

i=l \I\>2 \j=l 

where ^{ii, ■■■,{„) is a sequence of (l,0)-forms on Xp and G C^iXp). Here 

and henceforth H denotes the harmonic projection on {Xp,Up), where Up is the Poincare 
metric on Xp, and n = 3g — 3. An application of this to the canonical basis {dp}a=i of 
H'^{Xp,Qx^) with respect to the symplectic basis {A^, B^}^^^ for Ap^^ tells us that 

n / " 

i=l |7'|>2 \.7 = 1 
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The g ^ g matrix A{t) is naturally defined as: 

|/|>i \i=i / 

Meanwhile, let vr^ be the B period matrix of {OpYa=i- Then the period map 11 : Tg ^ Tig 
to the Siegel upper half space can be written down explicitly: 



where the action nv is given by 



V^3 W 20X20 



2gx2g 

The transition formula between Il{t) and n(r) of two adjacent Kuranishi coordinates is 

n(t) = Lp,r>n(r), 

where Lpg is defined at the end of the proof of Theorem I2.5[ 

Let Tg be the mapping class group of Riemann surface of genus g, which has a natural 
representation in the symplectic group Sp{g, Z) with integral coefficients, written as p : 
Tg —7- Sp{g, Z). The moduli space Aig of Riemann surfaces of genus g is the quotient space 
of Tg by Tg, while Ag = Tig/Sp^g, Z) is known as the moduli space of principally polarized 
abelian varieties. In Section |3l we first give a proof of the following two well-known local 
Torelli theorems by our deformation method. 

Theorem 1.1. a) (Local Torelli Theorem 1) The period map 11 : 7^ — Hg is an immer- 
sion on the non-hyperelliptic locus and also when restricted to the hyperelliptic locus for 
g > 3; while for g = 2, Tl is an immersion on the whole Tg . 

h) (Local Torelli Theorem 2) For g > 2, the period map J : M.^ — )■ Ag is an immersion. 

Write the quotient space of the Teichmiiller space Tg by the Torelh group Tg as Tor^, 
which has a natural Z2 action. Recall that the Torelli group Tg is the kernel of the 
representation p : T g Sp((7,Z). Then we will present a new proof of the following 
global Torelli theorem in Section HJ 

Theorem 1.2. J^""^ : TorgjJj^ — )■ 1-ig is an embedding for g > 3. 

We also prove that the period map IT maps the Tg orbit of Ap ^ onto the Sp{g, Z) orbit 
of its image in Tig. More precisely, let Ap^^ be a Kuranishi coordinate chart on Tg and 
Agl := [0]Ap,, for [0] e Tg. Set 



Then on Ap,l, the period map n(t) has the following relation with Tl{t): 

m = (^v u) ^nw- 

Based on these, we prove that two Tg orbits of J^g, if mapped to the same Sp{g, Z) orbit 
by J', must coincide, and thus prove the main result of this paper: 

Theorem 1.3 (Torelli Theorem). The period map J : A^g — )■ Ag is infective for g >2. 
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The maps considered in this paper can be summarized in the following diagram: 




It is well-known that global Torelli theorem holds by R. Torelli's result [22] and also 
the modern proofs [U [23] while the local Torelli holds due to the work of [19]. A more 
complete list of the history about Torelli problems are contained in the bibliographical 
notes on Page 261 of [4J. 
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2. KuRANiSHi Coordinates On Tg 

We first recall some basics of the construction of Kuranishi coordinate charts, which is 
based on [2]. Fix a compact topological surface S of genus g with g > 2. The pair (C, [/]) 
is a Riemann surface C with the Teichmiiller structure [/], where / is an orientation- 
preserving homeomorphism from C to S and [/] denotes the isotopic class represented by 
/. An isomorphism between Riemann surfaces with the Teichmiiller structures, (C, [/]) 
and (C, [/']), is a biholomorphic map (p from C to C such that [/] = The equiva- 

lence classes of all compact Riemann surfaces of genus g with the Teichmiiller structure, 
modulo the isomorphism equivalences, is actually Tg, the Teichmiiler space of Riemann 
surfaces of genus g. Thus an isomorphism class of [C, [/]] is a point in Tg. 

From the construction of Hilbert scheme, the existence of the Kuranishi family of Rie- 
mann surfaces follows. To be more precise, for every Riemann surface C, there exists a 
holomorphic deformation (w, 

zj : X ^ B, if : C ^ 

of C parametrized by a pointed base {B, bo), a complex manifold with dime B = 3g — 3, 
and this deformation is universal at Bq, actually universal at every point b oi B. The pair 
(ct7, (fi) is called the Kuranishi family of C. For any other deformation (t, ip) 



l: X' ^ B', tfj: C^X!, 
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of C, there exists a unique map (0, $) in a small neighborhood of 60 such that the following 
diagram commutes 



X' 



X 



{B',b',)^iB,bo), 

where (p^^^b'^t/j — tc and X' is isomorphic to the puUback family ^*X on the small 
neighborhood of 6q. Accordingly, we also have a family of Riemann surfaces with the 
Teichmiiller structure (X^, [ft]), i-c, w : X B together with local topological trivial- 
ization F° : X\jj J] x Ua, where f/^ is an open covering of B such that [F^^] = [fh] 
with b E Ua- For any Riemann surface with the Teichmiiller structure (C, [/]), Kuranishi 
family also exists and satisfies exactly analogous universal properties to the one without 
the Teichmiiller structure above. Possibly shrinking B, we can describe the Kuranishi 
family of (C, [/]) as a triple {w, (p, F) given by 

w.X^B, (f.C^Cbo, F-.X^HxB, 

where F is a topological trivialization such that Fjy^ip = f. 
A Kuranishi coordinate chart of Tg is given by 

{B,bo) ^ Tg 

t ^ [Xt,[Ft]], 

where the triple {zu,ip,F) is the Kuranishi family of (C, [/]). From the classical Ehres- 
mann's theorem, there is a natural diffeomorphism ^ : X),^ x B ^ X; all the fibers of 
w. X ^ B 

E X S 



X 



Xbo X B 



share the same differential structure as X^q. From this point of view, for every b E B, 
the map F^,^^^ can be deformed to -Ffto^bo^' l^b'^b^'i = [-^60*60^]- • x 

ifi(E,Z) ^ Z be the intersection pairing on E. The symplectic basis of Hi{Tj,Z) on 
(E,cj) gives, from the map \E'F~^, one such basis on X^g, which is enjoyed by the whole 
Kuranishi family X over the Kuranishi coordinate chart B. Later on we will write {B, bo) 
as Ap^g, where p denotes the point [C, [/]] in Tg, and Ap_g = {t E C"|||t|| < e, t{p) = 0} 
with n — 3g — 3. 

Fix the representation p : Fg — > Sp{g, Z), where Tg is the mapping class group, namely 
the isotopic classes of orientation preserving homeomorphisms of E and Sp{g, Z) is actually 
Aut(E, oj). Now we have two Kuranishi coordinate charts Ap^^ and A^ with Ap A^.^/ ^ 
0. Let {X, F) and {y, G) denote the two Kuranishi families with Teichmiiler structure over 

The definition of Kuranishi coordinates 



Ap,, and A^,, 



respectively Let r E Ap ^ fi A^^^/ . 



tells us that -^t(r)] = [^r(r)) Gr{;r)\- Thcu we have a biholomorphic map : Xffj^ — >■ 

Yt(j.) such that [Ft{r)\ — [Gr(r)0]- It is described in the following picture 



X, 



diffeo^j 



t(r) 



Go 

difFeo^y. 



r(r) 
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that [Go'^y(P'^xFq^] gives us an element of Tg, which is obtained by a matrix in Sp{g, Z) 
from the representation p, hnking the two symplectic bases of the two Kuranishi coordi- 
nates. 

2.1. Small Deformation Of Holomorphic One-Forms. Let Ap e be a Kuranishi co- 
ordinate chart centered at p G 7^ as above. Denote the corresponding Kuranishi family 
on Ap^e by : — t- Ap^^ with the central fiber w~^{p) = Xp. Let 9 G H^{Xp,Q}x ) 
be a global holomorphic one- form on Xp. We will construct an explicit formula 9{t) G 
H^{Xt,VL\-^, the holomorphic deformation of 9. 



Denote the Poincare metric on Xp by Up. Fix {/ij}"^^ as a basis of harmonic T 



(i,o)_ 

valued (0, l)-form on (Xp, Wp), namely ]HI^'"^(Xp, T^^'^-*). And let = Yll=i^il^i denote 
the Beltrami differential of the Kuranishi family w : X ^p,f 

Theorem 2.1. Given 9 G H^{Xp.,D}x^) , there exists a unique (l,0)-/orm ri{t) on Xp, 
which is holomorphic in t for sufficiently small t, satisfying 

(1) E[(?7(t)) = 9, where H is the harmonic projection on (Xp,Co'p), 

(2) 9{t) = {l + ^,{t))^r^{t)eH\X,,n\;) 

and 9{t) is the desired deformation of 9. 

Proof. The formal power series of ri{t) G A^'^{Xp) can be written out as 

n 

2=1 |/|>2 

where / = (ii, ■ ■ ■ , = t^^t^^ ■ ■ ■ 4" and |/| = Y.%i h- 

Condition (1) implies 



(2.1) 

Then, one has 

^(t) = (i + /i(t))j^W 



H(r/i) = 0, 

H(r//) = 0, |/| > 2. 



1 + J J I 9 + ^tjr,j + t-^rij 

i=l / \ J = l |J|>2 



n 



= 9 + Yti{r]i + fiij9) + XI ^(^1-- '^") + f^k^'^ih,- Ak-h- An) 

1=1 |/|>2 \ k=l 

Since 9{t) is a holomorphic one-form on Xf from condition (2), i.e., d9(t) = 0, which 
implies 

d{rii + ij,i_i9) = 0, 

_diV{ii,-,in) + ELi/^fc^^(n,-,ifc-i,-,in)) = 0, 

we see that 

2^ ^ + d{fXij9) = 0, 



dV(iu-An) + d{T.l=l f^k^Vih,- An)) = 0. 

Combining with (12. ip and solving the 9-equation, we get 

rji = —Gd*d{fiij9), 

V{il,-An) = -^d* d{YJl=lf^k^Tl{il,- Ak-l,- An))- 



(2.3) 
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Here G denotes the Green operator in the Hodge decomposition with respect to the 
operator d, and 1 = H + {dd + d d)G. Thus we have proved the uniqueness of rjit), 
which is fixed by conditions (1) and (2). 

Now let us discuss the convergence of the power series constructed above. By the 
standard estimates of elhptic operators G, d and d, such as in [17], we easily have 

where the constant C depends on m, a and Xp, and || • \\m+a is the Holder norm. Conse- 
quently the estimates of ri{t) yield 

Mmm+a < \\0\\m+a+\\0\\m+a J] C^'^e^'^ 

\\I\\>1 

= ||^IU+a + ||^|U+«E E 

fc>l ||/||>fc 

= ||^||m+a + ||6'||m+Q 

k>l 

< ||^||m+a + ||^||m+a E 



k>l 



where C^_|_fc_i is the common combinatorial number. By taking e smaller than we 
are done. □ 

Corollary 2.2. The deformation formula of 6, with t small, is given by 

n / n 

i=l \I\>2 \j=l 

where /j- G C~(Xp). 
Proof. From Theorem 12. we can easily write out 
Oit) = (l + /i(t))jr/(t) 

n n 
i=l j=l |J|>2 



|/|>1 \j = l 



'i'j 1)*** Art^ 

|/|>i ' ■ \j=i 

I/I>1 \j=l 

|/|>i \j=i 

The convergence follows from Theorem 12.11 □ 

Remark 2.3. The iteration method to construct canonical forms on the deformation 
space of Riemann surfaces is essentially contained in [TB] and [24i Theorem 2.1]. For 
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more generalization to Kdhler manifolds, see p^j, while our proof emphasizes on the 
uniqueness of the construction. 

Denote the canonical basis Q of H^{Xp, fi^p) by {dp}a=i with respect to the symplectic 
basis {A^, B^}^^^ on the Kuranishi coordinate chart Ap Let ap and Tip be the A and 
B period matrices of {Op}l^^i, respectively, and Mp = Im(7rp). Applying the deformation 
formula above, we get the holomorphic one-forms Op{t) on Xf, starting with 6p, given by 

(2.4) 



i=l 



\I\>2 



0=1 



Definition 2.4. Let A{t) be a g x g matrix and E{t) a g x 1 vector given by: 

'E|.i>it^ {j:;^,nN-v^,,...,,-r,...,^^ = Aitp^p, 

X|/|>l^^(EJ=iC(f"(n,..,i,.-l,..,i„)) = E'^it). 
Also the homogeneous part of order N of A{t) is written as AN{t) = Y1\i\=n^^ 



In particular, e(/iij^p = A^,^^^. 
Set 

Qpit) = 



Thus by use of A{t) and E{t), we rewrite (12. 4p as 







A r " 










and Op = 




\oi{t)) 







(2.5) 



Op(t) = (l, A{t)){y^\+E{t). 



O, 



Since a holomorphic one-form on Riemann surfaces is uniquely determined by its inte- 
gration on A cycles, it is clear that {dp{t)Y^^i being a frame of iJ°(X(,fi^J on X^, is 
equivalent to non-degeneration of the A period matrix aapit) on Xt , i.e.. 



(2.6) 



det {a^p{t)) = det ( /^^ ^^(t)) ^ ^ det (l, + A{tY) ^ 0, 



where AifY' is the transpose of A{t). And when {6p{t)Ya=i becomes a frame, we have 
the Hodge-Riemann bilinear relations on Xt 



2 



-!xM^)^oi{ti 



= 
< 

which and also (12.51) imply that 



""^A canonical basis means the unique basis of H^{Xp, ) such that its A period matrix is 1^ 



(2.7) 
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and thus 

< Mp^^fs -Mp,x-yAit)^A(t)l. 
The matrix forms of these are given by 

(A{t)Mp = {A{t)Mpf, 
[Mp- A{t)Mp'A{t)'^ > 0. 

As our deformation formula is local, {^p(t)}a=i is always a frame when t G Ap ^ with e 
sufficiently small. Therefore, (12. 6p and (12. 7p hold. 

2.2. Transition Formulas Between the Kuranishi Coordinates. 

Theorem 2.5. Assume that the two Kuranishi coordinate charts Ap^^ and A^^' have a 
non-empty intersection containing those two centers p and q, and let t and r denote the 
corresponding Kuranishi coordinates. Then A{t) and A{t) are related by the following 
equality: 



(2.8) 



A{tf 



1. 1. 



r\ A{t) 



where Lpq G Sp((7,Z) denotes the transition matrix between the symplectic bases of the 
two Kuranishi coordinates in terms of transformations in Sp((y',Z) of Tig, and the action 
r\ is given by 



-1 



Observe that the transition matrix linking A{t) and A{t) depends only on p and q, but 
not the coordinates t and r. 



Proof. From (12. Sp . it yields 
(2.9) 



[e,(g)] = (l, Aitiq))) 



where [0p(g)] denotes the cohomology class represented by Qp{q)- The frames given by 
the deformation formula [0p(g)] and the canonical one [Bg] at q are different by a multiple 
of a nonsingular matrix C: 



(2.10) 



[0,] = C [Qp{q)] 



Let {Aj, B.y}?^^-^ and {A'^, B'^}^^^ be the symplectic bases on Ap ^ and A^ ^/, respectively. 
Set 



Bi 



and 



A' 
B' 



\BJ \B'J 
Denote the matrix linking these two bases by G Sp((y',Z), i.e.. 



(2.11) 



U V 
R S 



A' 
B' 
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By (12.111) . we integrate over A cycles and B cycles on fl2.10p to get 



which imply that 

\ ( TTp + TTpA {t{q)f^ [tg + A {t{q)f^ ~^ = {R + Sng) {U + Vn,)-' . 
By O and flCT]) . we have 

(2.13) 

= {C CA(t(g)))/l® 



Let r G Ap^^ fl A^^^/. Then one has 



[0J 



[0p] 



[ep(r)] = (l. Ait)) 

while by (12.131) . one also has 

[Qpir)] = Cr [e,(r)] = a. (1, A{r)) 

where the two frames [0p(?")] and [Og(?")] at the point r are related by a nonsingular 
matrix Cr- These give us the following identities: 



tg = Cr(C + A{t)CA (t{q)) 
A{t) = CJCA {t{q))+A{T)C 



Combine with (I2.12p to simplify the computation as follows: 
A{tf 























.1. 





{ + r rpA{t{q) l ( tt^ + vrpA(t(g))^ ^ , 

{1, + A{t{q)) {l, + A{tiq)f)C^ 



r\ A{t) 



where also belongs to Sp((?,Z), denoted by Lpq. □ 

On our Kuranishi coordinate chart Ap^^, the period map 11 : 7^ — "H^ can be written 
out quite explicitly: 



= I <tr' [o; + A{t)iei) 

J Bet 

= np,^^a{ty^ + 7rp,o.sA{t)Ja{ty^, 
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where a{t)"^ is the inverse matrix of o'{t)ai3. fl2.6p gives us 

Now we can formulate these into the matrix form: 

rx A{ty 



(2.14) 



Corollary 2.6. The period maps n(t) and n(r) on the intersection of the two Kuranishi 
coordinate charts Ap and Ag^^/ have the following transition formula 

(2.15) U{t) = Lpg r\U{r). 

Proof. By fl2.14p and Theorem 12. 5[ we have 

TTp 7Tp\ (Tip Tlp\ ^ J ( TTy TlA f Tig 7lg\ ^ , , 



Lpq r\ n(r). 



3. Local Torelli Theorems and Matrix Model 



□ 



Theorem 3.1. (Local Torelli Theorem 1) For g > 3, the period map 11 : 7^ — )■ Hg is an 

immersion on the non-hyperelliptic locus Tg — HSTg and also on the hyperelliptic locus 
TiSTg. In the case g = 2, U is an immersion on the whole Tg. 

Proof. From fl2.14p . the period map can be written as n(t) = [npAifY + TTp) (A(t)"^ + Ig) 
via Kuranishi coordinates. By use of A{t), we expand it to obtain the first order part 

n«(t) of n(t): 

Ii^^\t) = TipAlit) ~ TXpAlit) 



-2^^MpAl{t) 



ip^ 

n 



(3.1) 



_9^/_i \ ^ +.M A-l^ 

1=1 

n „ 

i=i ''^p 

n „ 



It is a weU-known fact that the pairing wf^\Xp,T^x'^^) x H%Xp,2Kx^) C is non- 
degenerate. The matrices {f^ 9^ A {fii^O^)}^^^ are linearly dependent if and only if there 
exists a nonzero vector t = (ti, ■ ■ ■ , t„) such that the matrix 



= 0. 
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This is equivalent to that the multiplication map H^{Xp, Kxp)xH^{Xp, Kxp) H^{Xp, 2K^ 
is not surjective. 

A well-known theorem by Max Noether in [H P. 117] tells us the multiplication map 
H'^lXp, Kxp) X H^{Xp,Kxp) H^{Xp,2Kxp) is always surjective when Xp is non- 
hyperelliptic. Thus the period map 11 is an immersion when restricted to Tg — TLETg 
for g >?). As to the hyperelliptic case which is described in [3 P. 104], the dimension of 

the image of the multiplication map is exactly the vector space (if°(Xp, 2Kxp)) , namely, 
the elements in H^{Xp, 2Kxp) invariant under the action by the hyperelliptic involution J 
with dime 2Kxp)Y = 2(7 — 1. Also the tangent direction of the hyperelliptic locus 

can be identified with {H^{Xp,Txp)Y ■ Hence these directions can not be degenerate and 
thus H|^^^^ is still an immersion for > 3. As we know, any Riemann surface of genus 2 
is hyperelliptic and the above multiplication map is surjective since 2(yf — 1 = 3(7 — 3 when 
g = 2. Consequently, H is an immersion on 7^ for (7 = 2. □ 

Definition 3.2. Tg, Tg andToVg. 

Tg, called the Torelli group, is the kernel of the representation p:Vg^ Sp(5',Z) while 
the extended Torelli group Tg is defined to be p~^{{—l2g)) where (— 123) is the subgroup 
of Sp{g,Z) generated by —t2g- The Torelli space Torg is the quotient space of the Te- 
ichmuller space Tg by Tg. 

Definition 3.3. Tg{n) and Mf\ 

Tg{n), the level n subgroup of the mapping class group Tg, is the kernel of the repre- 
sentation Tg A Sp((7,Z) A Sp((7,Z„). M.^^'' is the moduli space of Riemann surfaces of 
genus g with level n structure, which is defined as the quotient space of the Teichmuller 
space Tg by the group action ofTg{n). And we identify Fg(l) with Tg. 

As we know, the action of the mapping class group Tg on the Teichmuller space Tg is 
properly discontinuous. From the construction of the Kuranishi coordinate of 7^ in [2], 
we know that the isotropy group F^ of Fg at p = [Xp, [/p]] on Tg is Aut(JY'p) if we fix the 
injective homomorphism 

Aut(Xp) Tg 

h ^ [fphf;']. 

Moreover, we can choose e and e' sufficiently small such that the points p and p' in different 
Tg orbits have disjoint Kuranishi coordinates, i.e., Ap ^ n Ap/ = 0, and 

{7eF,|7Ap,,nAp,,^0} = F^. 

Proposition 3.4. The action ofTg and Tg{n) with n > 3 on Tg is fixed point free. 

This proposition implies that Torg and A^^"'* with n > 3 are complex manifolds of 
complex dimension 3g — 3. 

Proof. We just need to show that fl F^ = {1} and T g{n) n T^ = {1}. But we can 
identify F^ with Aut(Xp). It follows from the theory of automorphism groups of Rie- 
mann surfaces in [ZJ Chapter V] that the representation of Aut(Xp) in Hi{Xp,Z) and 
Hi{Xp,Zn) with n > 3 are faithful, i.e., the homomorphisms Aut(Xp) — )• Sp((7,Z) and 
Aut(Xp) —7- Sp((y',Z„) are injective. Now the isotropy group F^ embeds into Sp(5',Z) by 
the representation p : F^ — )■ Sp{g, Z) if we view F^ as /~^Aut(Xp)/p while Tg is the kernel 
of p. Thus Tg nTP = {1}. Similarly, F^ embeds into Sp((7,Z„) by the representation 

Tg A Sp((7,Z) A Sp((7,Z„), and Tg{n) is the kernel of the representation vrp. Finally we 
have Fg(n) nPP = {1}. □ 
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From the discussion above, we can shrink our Kuranishi coordinate chart Ap^^ on Tg 
such that 7Ap^e fl Ap^^ = for any j ETg and 7 7^ 1. Naturally, the Kuranishi coordinate 
chart Ap ,; descends to ToVg. Let Z2 = Tg/Tg and then ToTg has a natural Z2 action. 
There is a commutative diagram 




Lemma 3.5. Let X be a compact Riemann surface with genus g >2 and J an involution 
on X , which does not fix any element of H^{X, Kx)- Then X is hyperelliptic and J must 
be a hyperelliptic involution. 

Proof. Since = 1, the automorphism J* : H^{X, Kx) H^{X, Kx) has two eigen- 
value ±1. As J* fixes no element of H°{X, Kx), J* = —tg on H°{X,Kx)- Consider the 
quotient map vr : X — )■ X/J, a 2 : 1 branched covering map, and vr = Jvr. We claim 
that g{X/J) = 0. If not, there exists a nonzero holomorphic one-form 6 G H^{X/ J, Kx)- 
Pulling it back, we derive a nonzero holomorphic one-form 7r*6 E H^{X, Kx)- But 7r*6 is 
invariant under J*, which is a contradiction. Thus X/J is the Riemann sphere and tt is 
a degree 2 meromorphic function on X, which implies that X is hyperelliptic and J is a 
hyperelliptic involution. □ 

Proposition 3.6. Z2 acts freely on the non-hyperelliptic locus Torg — T-LSTorg of Tor g 

and fixes every point in the hyperelliptic locus l-LETorg for g > 3. In the case g = 2, Z2 
acts trivially on ToVg. 

Proof. Let {[0]} be the non-unit element in Z2, where [0] G is a representative of 
the class {[0]} and p([0]) = —123- Then that {[</>]} fixes a point {[Xp, [fp]]} in Torg is 
equivalent to that there exists some element [ip] G Tg such that [Xp, [(pfp]] = [Xp, [ipfp]]. 
We have a commutative diagram up to isotopy 




where h is an automorphism of Xp. Hence h ~ f~^ip~^(l)fp. As p(['?/']) = and p([0]) = 
— l2g, /i* : Hi{Xp, Z) — 7- Hi{Xp, Z) is nothing but — l2c/- Since a holomorphic one-form is 
uniquely determined by its integration on A cycles and 

j h*B= j d = - [ d, 

h* : H^{Xp,Kx^) H^{Xp,Kx^) is -Ig. Also the representation of Aut(Xp) to 
Hi{Xp,Z) is faithful and hence h is an involution. From Lemma 13.5^ /i is a hyperel- 
liptic involution and Xp is hyperelliptic. □ 



It is easy to check that the Z2 orbit of Torg has the same image under J'^°^, since 
we also have Kuranishi coordinate on Torg by using fl2.14p . Consequently, J'^°^ factors 
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through Torgjlj2. 



^tor 

Tor a ^ 'K 



9 ■ 





Torg/Z2 

From Proposition 13. 6[ ToVg — )■ Tor g/ 7^2 is a 2 : 1 branched covering map branching over 
the hyperelliptic locus T-LSToVg for g > 3. Meanwhile, the Kuranishi coordinate chart Ap^^, 
p G Tovg — T-LEToTg, also descends to Torg/'L2- When p G USToVg, we can view the 
Kuranishi coordinate Ap_e on Tovg as follows: A^^~^ decomposes into A^^~^ x A^~^ where 
/\2g-i inciicates the direction of Tp{'H£Torg) and A^~^ is the normal direction in which 
the period map J7^*°^ vanishes. The Z2 action fixes A^^~^ but acts as the multiplication of 
-1 on A^^^ Thus T OTgll.2 locally looks hke A^s-^ x (Af"7^2) around the hyperelliptic 
locus. 

Theorem 3.7. (Local Torelli Theorem 2) J : M.^ — )■ Ag is an immersion for g > 2. 

This local Torelli Theorem was first proved by F. Oort and J. Steenbrink [19] and then 
by Y. Karpishpan [13] under his framework of understanding higher order derivatives of 
period map in terms of Cech cohomology. We approach it by our deformation method. 

Proof. From the local Torelli Theorem l3.lt the tangent map 11^,, restricted to Tg — HSTg, 
is injective for (7 > 3 and everywhere injective for g = 2. Thus it suffices to show that the 
tangent map of J' : J^g — )■ Ag at hyperelliptic locus TiSg is injective for g > 3. To this 
end, we lift the period map to J7'*°'' : Torg/'L2 — )• l-ig. Fix p G TiSTorg which descends to 
p in ToTgj%2- From Proposition 3.7, p is a double point. Moreover, the dimension of the 
Zariski tangent space at p is ^^^j^. In fact, as ToVg is a complex manifold of complex 
dimension 3g — 3 and p is a smooth point, we can choose local parameters (ti, ^2? ■ ■ ■ ? tsg-s) 
such that Ororg,p = C[[ti, t2, - ■ ■ , ^39-3]] and Z2 action is given by 

Z*2ti = ti, I <i<2g-l, 
Z*ti = -U, 2g <i <3g -3, 

where {ti}^£7^ indicates the tangent directions of T-LSToVg and {ti}^£2g normal 
directions in which J'^°^ vanishes. Clearly, 



It is exactly the ^^^tll parameters that give the basis of the Zariski tangent space at p. 
We denote these directions by {Dk, Dij}i<k<2g-i,2g<i<j<3g-3, respectively. Also by fl2.14p . 
we know that J7*°'' can also be written as (ifpA^t)'^ + TTp) {A{t)^ + tg) . The first and 
second order parts of JT*"^ are given by 

= - 2V^MpAi{tf + 2v^Mp {Ai{tfY - 2^^MpA2{tf 

= Y.^^ A - E ^^^^^ / ^ n^^^^ol)Ml^ / e; a n^^,^o^p) 

i=l ^ i,j = l P P 

n „ 
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where rjf = —Gd*d{iiij9p) and M^^ is the inverse matrix of Mp^p- From the choice of 
above, for any 1 < a, /9 < we have 

J Xp 

where 2g < i < 3g — 3. Hence we can write out the image of {-Dfc, Aj}i<fc<2g-i,2g<i<i<3c/-3 
under J'^°^ by using the expansion formula of JT*"'": 

J^iDk) = J^^ A Mifik^e^), l<k<2g-l, 

J'r{D,j) = J^^ e^AM U^dGd\^ij^eP)) , 2g<i = j<3g-3, 

Jl"'{Dij) = J^^ e^AM (^fiijdGd*{fijje^) + fXjjdGd*{fiij9'^)^ , 2g <i < j <3g -3. 

Finally we need to show that {J7^*°^(-Dfc), Jl°^{Dij)} are linearly independent. Since Xp is a 
hyperelliptic Riemann surface, these Cech cohomology groups, such as H^iOx^) 
and H^{Txp), have explicit bases just as described in [131 US]- Moreover, these papers 
have showed that these directions are linearly independent in terms of Cech cohomology. 
We give a proof in Appendix [5] that our directions are actually the same as theirs, which 
completes the proof of this theorem. □ 

Local Torelli Theorems 13.11 and 13 . 71 tell us that the period map gives a local embedding 
of the Kuranishi coordinate chart Ap ^ when p lies in the nonhyperelliptic locus, and of 
when p lies in the hyperelliptic locus. This local embedding induces a matrix 
model for the local Kuranishi coordinates. 

Definition 3.8. Matrix Model for the Kuranishi coordinate charts. 

The image of the Kuranishi coordinate chart under the period map is called the matrix 

model when the local Torelli theorems hold. Here we identify the Kuranishi coordinate 

g(g+i) 

chart with its matrix model, which lies in l-ig C C 2 . 

4. Proof of the global Torelli Theorems 
This section is devoted to the proof of global Torelli theorem for Riemann surfaces. 
Theorem 4.1. : TorgjTj^ — )■ 1-ig is an embedding for g > 3. 

Proof. From the discussion of Section [3l Torgj%2 is a complex orbifold of complex di- 
mension 3^' — 3. For every point p in the non-hyperelliptic locus, we have the Kuranishi 
coordinate chart Ap ,, centered at which descends from ToVg. As to the hyperelliptic 
locus, we denote by Ap,;/Z2 the local coordinate chart around the hyperelliptic point 
according to the local behavior of the hyperelliptic locus. From the local Torelli theorems 
13. H and l3.7[ gives a local embedding on both of these two kinds of coordinate charts. 
All we need to show is that J^°'^ is injective. It is easy to see that Torgl%2 — Tg/Tg. 
Thus the proof of the one-to-one correspondence between Tg orbit and its Jacobian is our 
ultimate, which is equivalent to say that two points in Tg with the same Jacobian must 
be related by some element in Tg. 

According to [TT] and [T2], T-ig can be viewed as the isomorphism classes of principally 
polarized abelian varieties together with a symplectic basis (^4,7), where 7 : ifi(S,Z) — )■ 
Hi{A,7j) preserves the intersection paring on S and the principally polarized form on 
A. And the identification is given from [A, 7) to its period matrix with respect to this 
symplectic basis. By changing the symplectic basis, we have the natural Sp{g, Z) action 
on Tig. However, the kernel of the Sp{g, Z) action is ±l2g- That is to say 

(A7) = (A-7)- 
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Also ToTg can be identified with the isomorphism classes of Riemann surfaces together 
with a symplectic basis (C, 7), where 7 : ifi(S,Z) — )■ Hi{C,Z) preserves the intersection 
paring on E and C, since Fg/Tg = Sp(gi, Z). Moreover, the period map J*"^ : ToVg — )■ l-Lg 
is given by 

TOTg > Ug 

(C,7) (JacC,7), 

where we have the natural isomorphism Hi{C, Z) = ifi(JacC, Z). 

Now assume that two points [C, [/]] and [C, [/']] on Tg are mapped to the same Jaco- 
bian, namely (^,7). Write (C, 7) and (C',7') on Tor^ as the corresponding two points 
descended from [C, [/]] and [C, [/']], respectively. As (C, 7) and (C',7') are mapped to 
the same Jacobian (A, 7), their symplectic bases will be the same up to a change of 
the sign. Without loss of generality, we may assume that (C, 7) and (C',7') share the 
same symplectic basis after changing the sign (If 7 and 7' are different by a sign, pick 
[-0] e p-^{-l2g) where p : F^ ^ Sp(^,Z) is surjective. Then [C, [/]] and [C, [ipf]] have 
the same symplectic basis). Going back to the two corresponding points on Tg, the fol- 
lowing picture appears since we can see the construction of Kuranishi coordinate charts 
of Tg from deformation theoretic point of view: 



/' 



c 



c 



where is a diffeomorphism obtained from the deformation of the complex structures 
between C and C What is more, we have [f4>~^f'~^] € Tg. Denote F by f4>~^f'~^. Then 
the commutative diagram follows 




In fact we will prove that (f) is holomorphic and thus obviously biholomorphic. Hence 
[C, [/]] and [C, [/']] are related by Tg. 

To see (p is holomorphic, we first recall the definition of the Jacobian. The Jacobian of 
a Riemann surface X is nothing but C^/A and 



A = Z 






where {O^Y^^i is a basis of H^{X, Kx)- [C, [/]] and [C, [/']] are mapped to the same 
Jacobian by the period map, then their symplectic basis (^4^, Ba) and {A'^, B'^) are related 
by (f) together with 



(4.1) 
Let 
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Set <P*e'" = x^pQP + E^=i y^pe^- Thus 

(4.2) 0*9' = (X Y) ' ® 



Put (gl]) and dMl) together to get 



e = J e' = J &' = J 0*0' = (X Y) 

Reformulating these two equahties into matrix form, we get 

Aql _ Ba _ _ _ 

/ e jej-y? X) \l \ej i \e 



(4.3) rr.^r.\-{iV](f(t) I^^ 



Bo. 



/e /GN 

Observe that det I^q ^qIt^O--'-^ f^*^^' well-known that {A, B) period matrix 



of canonical basis Be is (ig M) with ImM > 0. This matrix can be written as 

D DM 
D DM 

where nonsingular matrix D is given by the equality = DQ^.- Also it is easy to check 
that 

'D DM\ fl„ 0\ fD \ fl„ M' 



D DM) \Q Ig) \lg M 

and then its determinant is nonzero since 



detf^^ ^\-dei(^^ 1^0 
"^^^Hg Mj - "^""^ [ 2v^ImM ' ^ 



These imply that 



X=tg, Y = 0. 



Hence the diffeomorphism preserves holomorphic one-forms. Now choose coordinates 
centered at p and 4>{p), which are denoted by {z,p) and {w,(f){p)), respectively. Pick 
Q e H^{C',Kc') with ^ 0. Locally VL can be written as 

VL = g{w)dw. 

Pulling VL back by 0, we get a holomorphic one-form on C . However, 

ct>*n = g{<P{z))^^dz + g{<P{z))^^d-z. 

Then g{(j){z))^ = 0. At the point p, g{(f){p)) ^ 0, we have ff |^^q = 0. Hence, is 
holomorphic, finishing the proof of the theorem. 

□ 

Corollary 4.2. For the case of g = 2, J^'"' : ToTg — > Hg is an open embedding. 



KEFENG LIU, QUANTING ZHAO, AND SHENG RAO • 17 • 



Proof. Theorem 13.11 tells us that J'^°^' : ToVg — )■ Hg is an immersion everywhere when 
g = 2. Besides, JT*"^ is an open map from dime Tor^ = dimcHg = 3. Moreover, 
Proposition 13.61 implies that Z2 is a trivial action on ToVg since any Riemann surface with 
(7 = 2 is hyperelliptic, indicating that Tg orbit is the same as Tg orbit on Tg. The proof of 
Theorem 14.11 implies that is an open embedding. □ 

Corollary 4.3. J'*°^ : ToTg — )■ Tig is a 2 : 1 branched covering map branched over 
TiSTorg onto its image for g > 3. 

Proof. This is a direct consequence of Theorem 14. 1[ □ 

Proposition 4.4. Let Ap,. be the Kuranishi coordinate chart on Tg. The period map 11 
maps the Tg orbit of Ap ^ onto the Sp((?,Z) orbit of its image in Tig. 

Proof. Recall that the Kuranishi coordinate chart Ap^ is given by 

\,e Tg 

where {X,F) is the Kuranishi family with the Teichmiiller structure of (Xp, [Fq]) over 
Ap^e, while the coordinate map of aK can be written as 

AK -> Tg 

t [XtA<pFt]l 

where Ap^l := [</)]Ap^e- Now the Kuranishi family becomes (Af, {(f) x 1)-F), where 0x1: 
S X Ap^l — 7- S X Ap^l, the same family as {X, F) up to a different symplectic basis. Two 

bases are linked by p([0]), denoted by f ^ ^ j G Sp((7,Z), i.e.. 



A\ U V\ A 



B \R SI \B 



where ( ~ ] and 1 are the symplectic bases on Ap^e and Ap ,., respectively. As we have 



Bj \B 
seen, the matrix model of Ap is 



While on Ap^l, one has 

mu = i m'^o;{t) 

J Ba 



(ty {0; + A{tys9'p) 



a 

Ba 

a{tr^ [e; + A{t)lel) 

-- {Ra^ + 5'aA7rp,A7 +Ra5A{t)1 + Sa\T^p,X5 A{t)]) 
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where a{t)°'^ is the inverse matrix of (y{t)ap. And (y{t)ai3 is given by 

J Ac, 

UcxAx+Vc,xBx 

Then we formulate all these into the matrix form: 
U{t) = {R{ Ig + A{tf) + S{7Cp + 7CpA{tf)) {U{ Ig + A{tf) + Vinp + npA{tf)y' 



V UJ \lg Ig 

V ^)-n(t). 



Thus the Tg orbit of Ap is mapped, by the period map, onto the Sp{g, Z) orbit of its 
matrix model n(t) in Tig, since the representation p : F — )■ Sp{g, Z) is surjective. □ 

Denote by u the transformation of Sp{g, Z) 

Sp{g,Z) ^ Sp(^7,Z) 











I) 


- ( 



V u 



and it is obvious that z/^ = 1. 



Theorem 4.5. (Global Torelli Theorem on moduli space) J : Aig — )■ Ag is injective for 
9>2. 

Proof. As we have seen from Corollary 14.3^ : Tor^ — Tig is a 2 : 1 branched covering 
map onto its image, branching over TiSTorg for g > 3. That is to say that the Tg orbits 
on Tg have one-to-one correspondence to their Jacobian given by the period map H. This 
is also true for g = 2, from the proof of Corollary 14. 2[ From Proposition 14.41 the F^ 
orbits are mapped onto Sp{g, Z) orbits. Assume that two F^, orbits [p] and [q] of J^g are 
mapped to the same Sp{g, Z) orbit by J'. We hft these to 11 : 7^ — >■ Tig and thus have 
n(p) = L r\ n(g) for some L G Sp(5', Z). There is the following exact sequence 

1 ^ T, ^ F, 4 Sp((7, Z) ^ 1. 
Pick [0] G p^^{v{L)). Then n([0]g) = L r\ n(g) by Proposition 14. 4[ Hence p and 
are in the same Tg orbit, which implies that p and q are in the same F^ orbit. □ 

5. Appendix 

Recall that the natural isomorphism between the Cech cohomology H^{Tx) and the 
Dolbeault cohomology H^'^{Tx), and isomorphism between H^{Ox) and H^^ follows 
similarly. Assume that there is an open covering Ua on X and then the natural 
isomorphism \l/ is given by 

[Oe^p] ^ ' 

where e A'^'^U^, Tx) and - T = 

Now we return to the proof of the Theorem 13.71 that is, X is a hyperelliptic Riemann 
surface, covered by two affine charts Uq and Ui as described in [T21 P. 568]. The first 
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derivative of the period map in the direction D^, 1 < A; < — 1 in terms of Cech 
cohomology is given by 

H%X,Q') ^ H\X,Ox) 
w — y [6'fcja;] 

±X)- is ' 

rO,i 



where \6k] G H^{Tx) corresponds to [iik] £ H^'^{Tx). It is obvious that [6'fcja;] is mapped 



to [/ifc-ii^] by the natural isomorphism from H^{Ox) to H-^' . The second derivative of 

period map in the direction of Dij, 2g < i < j < 3g — 3 in terms of Cech cohomology is 
given by 

f^o(x,^]l) H\x,Ox) 

where Co^ denotes Lie derivative along 6i and [6j\ G H^(Tx) corresponds to [yUj] e 



H^^iTx)- It is easy to see that QjaLqAjJ = 6jjd{6ijuj). Hence we need to show that 



a 



[9jjid{9iJiUj)] is mapped to [/ijj(9G9 (/Ujjw) + fij^dGd (/ijjw)] by the natural isomorphism 
iiomH^iOx) toH^'\ The i = j case follows from almost the same method as below. By 



the natural isomorphism between H^{X,Tx) and if^' (X,Tx), we get Q G A^'^{Ui,Tx 
and ^° G /l°'0(f/o,rx) such that 

(5.1) 



dQ = fi. + df., 



1} 



where fi G A^'^{X,Tx). As /Xj can change in the Dolbeault cohomology class, we can 
assume that l-|'^\^^^lJ^ = 0. In fact, /Xj is 9-closed and thus locally 9-exact, i.e., fXi = dhi on 

f/o n f/i. The desired representative can be chosen as /ij — d{phi), where p is the suitable 
cut-off function. Moreover we can choose fi such that = C,i on Uq (1 Ui, for example 
UonUi' dSHD, on Ui, we have 

Similarly, we have an analogous equality on f/o. 

Now we shall identify the Cech and Dolbeault cohomology classes above. This ques- 
tion is equivalent to finding and belonging to A^'^{JJ\) and A^'^iJJ^, respectively, 
satisfying the following equations 

(5-2) = - - f.huj) + - fjhdli^f - Jd^oo^ 

It is obvious that the solutions of the first two equalities of (15. 2p always exist since the 
right hand sides of these two equalities are (0, l)-forms and clearly (9-closed. As 



+ d{U} - fj)-d m - f^).co) ) - (el - f,)^d(di^l - fi).co)., 
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we can write cj)}, as 




This notation is reasonable as the solution always exists. Thus 



The penultimate equality results from 





and the last step stems from our choice of /j. 
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